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We have investigated the efficiency of pulsed Raman sideband cooling in the presence of multiple
decay and excitation channels. By applying sum rules we identify parameter regimes in which
multiple scattering of photons can be described by an effective wave vector. Using this method we
determine the rate of heating caused by optical pumping inside and outside the Lamb-Dicke regime.
On this basis we discuss also the efficiency of a recently proposed scheme for ground-state cooling




Laser-cooling [1] allows to cool ions and atoms to very low temperatures. For this purpose, the full knowledge of
the eects of the various physical parameters determining the cooling process is very important. Among the various
schemes, Raman sideband cooling has been demonstrated to be a very successful technique for preparing atoms in
the ground state of a harmonic potential [2]. This cooling method exploits two stable or metastable atomic internal
levels, which we call jgi and jei, connected by dipole transitions to a common excited state jri. The transitions are
usually driven by alternating pulses. A typical sequence alternates a coherent pulse, in which the atom is coherently
transferred from jgi to jei via a properly designed Raman pulse, with a re-pumping pulse, in which the atom is
incoherently re-scattered to jgi by means of a laser resonant with jei ! jri. A change of the motional state during the
repumping is a process of higher order in the ratio !R= of the recoil frequency !R = hk2=2m and the trap frequency
, with m being the mass of the atom and k the wave vector of the one-photon transition. In the Lamb-Dicke regime,
where !R  , the probability for a change of the motional state is negligible and therefore, on the average, the
system is cooled at a rate of one phonon of energy h per cooling cycle. Since there is a nite probability for the atom
to be returned to the state jei instead of being repumped, a number of incoherent scattering events may be required
before the atom is nally scattered into jgi, which signicantly increases the motional energy at the end of the optical
pumping, reducing the cooling eciency. Furthermore, since two and three level schemes are realized using Zeeman
or hyperne substates, decays from jri into other electronic substates can occur, leading to additional heating.
In this work we quantify the eect of a nite branching ratio in pulsed Raman sideband cooling by calculating
the average shift and diusion of the vibrational energy distribution at the end of an incoherent pumping pulse. It
should be pointed out that theoretical studies on laser-cooling for multilevel ions exist, which systematically include
the branching ratio in their treatments [3{5]. Those studies have focussed on the Lamb-Dicke regime and on certain
cooling schemes. Here, we single out the eect of the branching ratio on cooling for an arbitrary ratio !R= by applying
sum rules. Hence, we infer the cooling eciency in the Lamb-Dicke regime and we discuss the result outside the Lamb-
Dicke regime in connection with the proposal in [6]. In particular, we show that in some parameter ranges the average
eect of the multiple photon scattering can be described with an eective wave vector keff for the \eective" two-level
transition jei ! jgi [3].
This article is organized as follows. In Section 2 we introduce the model for the evolution of a trapped ion during
the repumping pulse in a Raman transition, and we evaluate the average shift and variance of the ion energy at the
end of the pulse. In Section 3 we extend our analysis to cases where the channels of decay are multiple. In Section 4
we draw some conclusions, and in the Appendix we report the details of our calculations.
II. MODEL
We consider a three level atom as in Fig. 1, whose internal levels are a ground state jgi, stable or metastable state
jei and excited state jri of radiative width γ; jgi ! jri, jei ! jri are dipole transitions, with respective probabilities
of decay pg, pe, where pg + pe = 1. A laser resonantly drives the transition jei ! jri with Rabi frequency Ωe. In the
following we assume the wave vectors for both transitions to be equal to k, which is a good approximation if, e.g., jei
1
and jgi are hyperne components of the ground state. We study the ion motion in one-dimension.
The master equation for the atomic density matrix 3 is written as (h = 1):
d
dt
3 = −i [H0 + V; 3] + L3; (1)
where H0 has the form:
H0 = jeihej+ a+a: (2)
Here,  is the detuning of the laser on the jei ! jri transition, which we take to be zero, and  is the frequency
of the harmonic oscillator which traps the ion along the x-direction, with a; a+ annihilation and creation operator,










with A+j = jrihjj (with j = e; g) dipole raising operator, A−j its adjoint, and x the position of the atom. In writing
(3), (1) we have applied the Rotating Wave Approximation and we have moved to the inertial frame rotating at the
laser frequency. Finally, the relaxation super{operator has the form









where N(u) is the dipole pattern of the spontaneous emission, which we take N(u) = 3=8(1 + u2).
In the limit Ωe  γ we can eliminate the excited state jri in second order perturbation theory [7], and reduce the
three-level scheme to a two level one, with excited state jei and linewidth γe = Ω2e=γ [3]. In the limit γ   the
master equation for the density matrix , projection of 3 on the subspace fjei; jgig, can be rewritten as [8]:
d
dt
 = −i Heff− H+eff+ γe [Je + Jg] ; (4)
with Heff eective Hamiltonian
Heff = H0 − iγe2 jeihej; (5)
and with Je, Jg jump operators, dened as:
Jj = pj (je [J 0] ej) with j = g; e; (6)





The solution of Eq. (4) can be written as follows [8]:
(t) = S(t)(0) + γe
Z t
0










dtnS(t− t1)JS(t1 − t2)Je:::JeS(tn)(0) + ::: ;
with J = Je + Jg, and S(t) is the propagator for the eective Hamiltonian:
S(t)(0) = e−iHeff t(0)eiH
+
eff t: (9)
In Eq. (8) the successive contributions to the multiple scattering event are singled out: The rst term on the RHS
corresponds to the case in which at time t no spontaneous decay has occurred. The second term describes a single
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scattering event, and the n-th term n − 1 scattering events. The trace of each term corresponds to the probability
associated with each event, and we can thus interpret Eq. (8) as the sum over all the possible paths of the scattering
event weighted by their respective probabilities. At t ! 1, (t) ! S , the atom is in jgi and hejS jei = 0. For a
pulse of duration t  1=γe we can replace t by 1 in the integrals of Eq. (8) and assume that the atom has been
scattered into jgi at the end of the pulse. Now, each term on the RHS of Eq. (8) corresponds to the path associated
with a certain number of scattering events into jei before the atom is nally scattered into jgi. Through (8) we can
evaluate the shift and the variance of the energy distribution at the end of the repumping pulse, which are dened as:
E = Trf(Hmec − E0) Sg; (10)
E =
q
Trf(Hmec − E0 −E)2 Sg; (11)
where Hmec = a+a and E0 is the initial motional energy of the atom.
A. Evaluation of the average shift and diffusion
For simplifying the form of the discussion presented below, we rewrite the operator J 0 as follows:
J 0 = ~J + J^; (12)
where ~J , J^ are dened as:
~J =
P





l1,l1 6=l jlihlj [J] jl1ihl1j; (14)
and where fjlig is the basis of eigenstates of the harmonic oscillator. For (0) = jeihej ⊗ (0), with (0) initial







~Jm(0) + F ( ~J; J^)(0); (15)
where 1 = hgjS jgi is the nal distribution over the motional states. The rst term in the RHS of (15) is the sum
over all paths from jei into jgi, where after each jump the density operator is diagonal in the basis fjlig, whereas the







jsi = Dn(s): (16)
Here, Dn(s) is the probability for the atom to be found in the state jg; si at t ! 1, given the initial state je; ni at





















where we have used the relation x = a0(a++a), with a0 =
p
1=2m size of the ground state of the harmonic oscillator.
Substituting (17) into Eqs. (10), (11), and applying the commutation properties of a; a+ [see the Appendix], we nd:
hEi = 2 7
5
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where  = ka0 =
p
!R= is the Lamb-Dicke parameter.
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B. Discussion
Equation (18) represents the average shift to the vibrational energy at the end of the repumping pulse. For pe = 0
it corresponds to the average recoil energy !0R associated with one incoherent Raman scattering into jgi. In this case,
the second term in the RHS of Eq. (19) vanishes, and Eqs. (18), (19) describe the scattering of one photon of wave
vector k0 =
p
7=5k on the eective two-level transition jei ! jgi. Similarly for pe > 0 an eective wave vector keff








1− pe : (20)
Thus, keff describes the average mechanical eect on the ion resulting from the multiple scattering of photons during
the repumping pulse in a Raman transition with branching ratio (1− pe)=pe: This description is valid in the limit in
which we may neglect the second term in the RHS of (19), i.e. for pe and/or  suciently small. In Fig. 2 the rst
term of RHS of Eq. (19) is compared with the complete expression for n = 0, for dierent values of the Lamb-Dicke
parameter and as a function of pe. Here, we see that keff characterizes the scattering process for almost any branching
ratio in the Lamb-Dicke regime, whereas for  = 0:6 an appreciable dierence is already visible at pe = 0:2.
From (20) we can dene the eective Lamb-Dicke parameter eff = keffa0 describing an incoherent scattering into
the state jgi. This parameter provides an immediate estimate of the eect of the branching ratio on cooling. For

p
n  1, if effpn  1 the system is still in the Lamb-Dicke regime once it has been nally scattered into jgi.
Furthermore, the coarse-grained dynamics of the system can be described by a rate equation for the motional states
jni projected onto jgi, where the rate of cooling (heating) is the real part of the sum of two terms: one corresponding
to the component of the fluctuation spectrum of the dipole force at frequency  (−), the other to the diusion
coecient due to spontaneous emission from the excited state [3,4]. This latter term is proportional to the squared
Lamb-Dicke parameter for the incoherent scattering, and thus in our case to 2eff . From the well-known solution of the
rate equation [10], the diusion term aects the steady state average vibrational number hni, which is proportional
to the diusion coecient.
Outside the Lamb-Dicke regime, when !R is comparable to, or larger than, , there are no estabilished ground-state
laser-cooling techniques for trapped atoms. Here, we discuss our result in connection to the proposal in [6]. There,
a cooling scheme similar to Raman sideband cooling has been presented, where pulses which pump the atoms to the
ground state alternate with pulses conning the atoms to a limited region of motional energy. These connement
pulses have two-photon detuning c to the red of the two-photon resonance frequency, where c  !0R. Then, the
presence of a branching ratio must be taken into account by choosing c  E. In this regime, pulses which eciently
counteract the average kick E can be designed, provided that the following condition is fullled:
kcohx  keff ; (21)
where kcohx is the projection on x of the two-photon wave vector of the coherent pulse. For two counterpropagating
beams parallel to x, kcohx = 2jkj and (21) is fullled for pe  13=20, i.e. up to branching ratios pe=pg  2. Finally,
outside the Lamb-Dicke regime the second term in the RHS of Eq. (19) cannot be neglected. Hence, the diusion is
larger, and the eciency of cooling may decrease dramatically as pe increases.
III. EXTENSION TO MULTI-LEVEL SCHEMES
In the following, we show that the average heating associated with the repumping pulse in multilevel-schemes can
be described in the same way as discussed in the previous sections.
Let us consider the level-scheme of Fig. 3(a), where we have added to the scheme of Fig. 1 a further channel of decay
from jri into the stable or metastable state j1i, with probability of decay p1 such that p1 + p0e + p0g = 1, where p0e,
p0g are the probability of decay onto jei; jgi, respectively. A laser resonantly drives the transition j1i ! jri with Rabi
frequency Ω1. For Ωe; Ω1  γ the state jri can be adiabatically eliminated from the equations of motion. In this
limit the Master Equation aquires the form
d
dt
 = −i Heff− H+eff (22)
+p0eγ
0Je + p1γ0J1 + p0gγ
0Jg;
where γ0 = γe + γ1, with γj = Ω2j=γ. The eective Hamiltonian is now:
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Hence, the shift and variance have the form evaluated in Eqs. (18), (19) where now the probability pg, pe are dened
as pe = p0e + p1, pg = p
0
g (pg + pe = 1). In a similar way we have evaluated these quantities for schemes like the
one shown in g. 3(b), where a second excited state j2i is coupled to jei via the same recycling laser tuned on the
transition j1i ! jri. For simplifying the treatment, we assume that a fourth laser resonantly drives the transition
j1i ! j2i with Rabi frequency Ω (grey arrow in g. 3(b)). Thus, for low saturation Eq. (22) describes the dynamics,




i (i = e; 1), with γ
(j)
i being the rate of scattering through the excited state jji (j = r; 2).






1 = a, the solution in Eqs. (18), (19) applies to this case too, where
now pe is dened as:







and the probability pg of decaying into jgi is pg = 1− pe.
The result (26) shows that the total heating is minimum for a  1, which can be obtained by choosing properly the
laser intensity of the repumping lasers, or simply by removing degeneracies in the Zeeman multiplet, for example with
the help of a magnetic eld.
IV. CONCLUSIONS
We have studied the motional heating associated with a nite branching ratio and in the presence of multiple decay
and excitation channels at the end of a repumping pulse in Raman sideband cooling. The rst and second moments
of the nal energy distribution has been evaluated analytically, and the eect of the branching ratio has been singled
out. We have shown that in a certain range of parameters the diusion can be described with an eective wave vector
keff , corresponding to an eective Lamb{Dicke parameter eff for the incoherent scattering on the two-level transition
jei ! jgi. Finally, on the basis of this result we have discussed the eciency of Raman sideband cooling and of a
recent proposal of ground-state cooling outside the Lamb-Dicke regime [6].
Analogous sum rules and considerations can be applied to Raman cooling for free atoms [11]. In that case the
calculations are much simpler, since the total momentum of radiation and atom is a conserved quantity in the
scattering event.
In general, these results can be applied to cooling schemes in multilevel atoms.
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VI. APPENDIX
















































The sum over k1 can be contracted by observing that k1jk1ihk1j = ayajk1ihk1j. Then, using the commutation properties










































Substituting now (33), (34) into Eqs. (27), (28) and summing over m we nally obtain Eqs. (18), (19).
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FIG. 1. Level scheme.











FIG. 2. Plot of 2E (solid line), and of the first term on the RHS of Eq. (19) (dashed line) as a function of pe for Lamb–Dicke























FIG. 3. (a) Level scheme with |g〉, |e〉, |1〉, stable or metastable states, |r〉 excited state of radiative width γ and probability
of decaying in the three ground states p′g, p
′
e and p1, respectively. Two lasers couple |e〉 and |1〉 to |r〉; (b) Level scheme as in
(a) with the addition of the excited state |2〉 with decay probability on |1〉, |e〉 equal to p2, p3, respectively, p2 + p3 = 1. Two
lasers couple |e〉 and |1〉 to |2〉.
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